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I. Introduct ion 

T r a d i t i o n a l l y  the n o r m a l  f r e q u e n c i e s  and n o r m a l  m o d e s  of  v i b r a t i o n  have  
p l ayed  a v e r y  i m p o r t a n t  r o l e  in the s o l u t i o n  of m a n y  n o n - h o m o g e n e o u s  
b o u n d a r y  va lue  p r o b l e m s  in m a t h e m a t i c a l  p h y s i c s  and m e c h a n i c s .  T h e s e  
n o r m a l  m o d e s  a r e  the s o l u t i o n s  to e i g e n v a l u e  p r o b l e m s  wh ich  have  b e e n  
d e r i v e d  u s i n g  v a r i o u s  a s s u m p t i o n s  to s i m p l i f y  the d i f f e r e n t i a l  e q u a t i o n s  and 
b o u n d a r y  c o n d i t i o n s  u n d e r  c o n s i d e r a t i o n .  R e c e n t l y  [1,  2 ]**  a t t e n t i o n  h a s  
b e e n  g i v e n  to v a r i o u s  v i b r a t i o n  p r o b l e m s  in which  the a s s u m p t i o n s  c o n c e r -  
n ing  s o m e  p h y s i c a l  p r o p e r t i e s  have  b e e n  r e l a x e d  by  c o n s i d e r i n g  t h e m  to 
be r e p r e s e n t e d  by  s t o c h a s t i c  v a r i a b l e s .  In r e c o g n i t i o n  of this  fac t ,  c e r t a i n  
of the c o e f f i c i e n t s  a p p e a r i n g  in the e q u a t i o n s  a r e  a s s u m e d  to be r a n d o m  
f u n c t i o n s  o r  r a n d o m  v a r i a b l e s ,  t h e r e b y  m a k i n g  the s o l u t i o n  a r a n d o m  f u n c -  
t ion.  The ob jec t ,  then is  to d e t e r m i n e  as  m u c h  s t a t i s t i c a l  i n f o r m a t i o n  a s  
p o s s i b l e  c o n c e r n i n g  the so lu t i on .  

The a n a l y s i s  u n d e r t a k e n  h e r e  i n v o l v e s  the d e t e r m i n a t i o n  of v a r i o u s  m o -  
m e n t s  of the e i g e n f u n c t i o n s .  T h e r e  a r e  two m e t h o d s  of  do ing  th i s .  One 
m e t h o d  is  to so lve  f o r  the e i g e n f u n c t i o n  as  a c c u r a t e l y  as  p o s s i b l e  and then  
to d e t e r m i n e  the m o m e n t s .  The s e c o n d  m e t h o d  is  to a v e r a g e  the e q u a t i o n  
f i r s t  and then  to so lve  t h e s e  f o r  the m o m e n t s .  The f i r s t  i s  an " h o n e s t "  
m e t h o d ,  w h e r e a s  the s e c o n d  is  a " d i s h o n e s t "  m e t h o d  [3 ] .  Th i s  t e r m i n o l o g y  
a r i s e s  f r o m  the f ac t  tha t  the e q u a t i o n  f o r  one m o m e n t  of  the e i g e n f u n c t i o n  
l e a d s  to an inf in i te  h i e r a r c h y  of e q u a t i o n s ,  and to ob ta in  a f in i te  se t  of 
e q u a t i o n s ,  c e r t a i n  un jus t i f i ed  a s s u m p t i o n s  m u s t  be m a d e .  One of the m a i n  
a d v a n t a g e s  of th i s  " d i s h o n e s t "  m e t h o d  is  that  no a s s u m p t i o n s  on the s m a l l -  
n e s s  of the s t o c h a s t i c  v a r i a b l e  need  be m a d e  to ob ta in  v e r y  good a p p r o -  
x i m a t i o n s  of the v a r i o u s  m o m e n t s  o v e r  a wide r a n g e  of  v a l u e s  of  the s t o -  
c h a s t i c  v a r i a b l e .  

H i e r a r c h y  e q u a t i o n  t e c h n i q u e s  have  b e e n  w i d e l y  used  in the s tudy  of r a n -  
d o m  wave  p r o p a g a t i o n  p r o b l e m s  [3, 4 ] and r a n d o m  in i t i a l  va lue  p r o b l e m s  
in g e n e r a l  [ 5 ] .  H o w e v e r ,  t h e i r  a p p l i c a t i o n  to e i g e n v a l u e  p r o b l e m s  is  c o n -  
s i d e r a b l y  c o m p l i c a t e d  by  the f ac t  that  in add i t i on  to the r a n d o m  e i g e n f u n c -  
t ions  the e i g e n v a l u e s  a p p e a r  as  r a n d o m  v a r i a b l e s .  Th i s  c a u s e s  no p a r t i -  
c u l a r  d i f f i c u l t i e s  in the f i r s t  a p p r o x i m a t i o n ,  it is  on ly  in the s e c o n d  and 
h i g h e r  a p p r o x i m a t i o n s  that  we f i n d  that  n o n - t r i v i a l  c l o s u r e  a s s u m p t i o n s  
m u s t  be m a d e .  

The a n a l y s i s  of h i e r a r c h y  t e c h n i q u e s  as  app l i ed  to s t o c h a s t i c  e i g e n v a l u e  
p r o b l e m s  is  c a r r i e d  out on an e x a m p l e  p r o b l e m  f o r  which  e x a c t  r e s u l t s  
and " h o n e s t "  a p p r o x i m a t i o n s  a r e  a v a i l a b l e  f o r  c o m p a r i s o n .  In the next  sec  z 
t ion the h i e r a r c h y  i s  d e r i v e d  and a f i r s t  a p p r o x i m a t i o n  f o r  the m e a n  v a l u e  
of the e i g e n f u n c t i o n s  u (denoted  by  <u>) is  ob t a ined  b y  r e t a i n i n g  on ly  the 
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f i r s t  equa t ion  of the infinite h i e r a r c h y .  In sec t ion  t h r ee  the c l o s u r e  a s -  
sumpt ions  needed  to i n su r e  an i mproved  e s t i m a t e  fo r  <u> a re  d i s c u s s e d  
along with a poss ib le  solut ion to the r e s u l t i n g  d e t e r m i n a n t  e igenva lue  p ro -  
b l e m.  Sect ion  fou r  con ta ins  a d i s c u s s i o n  of the h i e r a r c h y  for  the d e t e r -  
m ina t i on  of h igher  m o m e n t s  of the e igenfunc t ions  and f ina l ly  in the las t  
s ec t ion  we d i s c u s s  poss ib l e  c l o s u r e  a s s u m p t i o n s  fo r  some  o the r  typica l  
e igenva lue  p r o b l e m s .  

2. The Hierarchy and First  Approximation 

The r a n d o m  v i b r a t i o n  p r o b l e m  that we will  use fo r  the app l i ca t ion  of 
h i e r a r c h y  techn iques  is that of the v i b r a t i on  s t r i ng  held f ixed at one end and 
with an e l a s t i c  c o n s t r a i n t  at the o the r .  Ma thema t i ca l ly ,  the n o r m a l  m o d e s  
and f r e q u e n c i e s  of such a v i b r a t i o n  will  be given by the e igenfunc t ions  and 
e ige nva lue s  of the p r o b l e m :  

u" ( x ) +  x u ( x ) =  0 
u ( 0 ) - -  0 

u, ( t ) +  e u ( 1 )  = 0, 
(2. i) 

where  is  a cons t an t  depending on the e l a s t i c  c o n s t r a i n t  at x = 1. In the 
fol lowing work  we will  a s s u m e  c is  a r a n d o m  v a r i a b l e  f o r  which the p ro -  
bab i l i ty  dens i ty  funct ion is  known. F o r  p u r p o s e s  of c o m p a r i s o n  to app ro -  
x ima te  so lu t ions  we will  use the n o r m a l i z a t i o n  condi t ion  u' (0) = 1. It 
should be men t ioned  that the r e a s o n s  fo r  p icking this p a r t i c u l a r  example  
a re  that it i s  typica l  of e igenva lue  p r o b l e m s  with the r a n d o m  funct ion  ap- 
pe a r i ng  in the bounda r y  condi t ions  and the exac t  solut ion and p e r t u r b a t i o n  
s e r i e s  so lu t ion  a r e  e a s i l y  obta inable  fo r  c o m p a r i s o n .  

In o r d e r  to find an e s t i m a t e  of the f i r s t  m o m e n t  of u(x) d i r e c t l y  f r o m  
the equa t ions  (2.1)  we mus t  c o n s i d e r  the se t  of equa t ions :  

<u>"(x)  + < X u >  (x) = 0 
< u > ( 0 ) - -  0 

<u> ' (1 )  + < e u >  (1) = 0 
< u>'(0) = i ;  

(2 .2)  

which a r e  obta ined f r o m  (2.1)  by taking the m e a n  va lue  of each  equat ion .  
In a r r i v i n g  at ( 2 . 2 ) w e  have a s s u m e d  that the i n t eg ra l  ove r  the p robab i l i t y  
space  and the d i f f e r en t i a t i on  with r e s p e c t  to x can be i n t e r changed .  Since 
the i n t e g r a t i o n s  involved a r e  ove r  f ini te i n t e r v a l s  fo r  app l i ca t ions  used 
h e r e ,  t h i s  a s s u m p t i o n  would not be ha rd  to sa t i s fy .  S imi l a r  a s s u m p t i o n s  
will  be used th roughout  this  p a p e r .  Equat ions  (2.2) con ta in  the two second  
o r d e r  m o m e n t s : < X u > ( x ) a n d < e u >  (1). To obtain equat ions  fo r  these  quan- 
t i t i es ,  mu l t ip ly  the equa t ions  (2.1)  b y  ~ and c,  r e s p e c t i v e l y ,  and a v e r a g e .  
We then obtain the two se t s  of equa t ions :  

<Xu>"(x) +<X2u> (x) = 0 
< Xu>(O) -- 0 

<Xu> '(i) +<Xeu>(1) -- 0 
(2.3) 

and 

<cu> "(x) + <ken > (x) = 0 
<eu> (0) = 0 

<eu> '(i) + <e2u>(1) 0 
(2.4)  

These equations, in turn, contain the three third order moments: <k2u> (x), 
<ken> (x), and <r (i), which must be determined in the next set of 
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e q u a t i o n s  of  the h i e r a r c h y .  E q u a t i o n s  (2 .2 )  a r e  the f i r s t  m e m b e r  of  the 
h i e r a r c h y ,  and e q u a t i o n s  (2 .3 )  and (2 .4 )  a r e  the s e c o n d  m e m b e r .  

To  c l o s e  the h i e r a r c h y  a t  the f i r s t  m e m b e r ,  we m u s t  in s o m e w a y  r e p l a c e  
<Xu> and <�9 u> by quantities involving first order moments only. The sim- 
plest assumptions are to assume <Xu> = <X><u> and <eu> = <�9 These 
assumptions, while clearly not altogether accurate, do permit the deter- 
mination of <u>. Under these assumptions, (2.2) becomes 

< u> "(x) + <x><u> (x) = o 
<u> (o) = o 

<u> ,(i) + < �9 (i) = o 
<u>'(O) = I. 

(2.5) 

The  s o l u t i o n  of ( 2 .5 )  i s  e a s i l y  o b t a i n e d  a s  

< u >  (x) = <X> -1/2 s in  <X> 1/2 x, ( 2 . 6 )  

w h e r e ,  f o r  < � 9  ~ 0, 

< X>1/2 = _< �9  t an  <X> 1/2 (2.7) 

T h u s ,  not  on ly  d o  we ge t  an  a p p r o x i m a t i o n  to the  m e a n  v a l u e  of  u(x), bu t  
a l s o  an  a p p r o x i m a t i o n  to  the m e a n  v a l u e  of  X. 

4 TERM 3 TERM 2 TERM 

c~ EXACT HIERARCHY PERT. PERT. PERT. 

.5 2.935 2.943 
1 3.346 3.373 
2 4.029 4.116 
4 6.012 5.239 
8 6.172 6.607 
16 7.283 7.865 
32 8.178 8.754 
50 8.617 9.128 

2.935 2.933 2.967 
3.347 3 .332 3.467 
4 .044 3.927 4.467 
5.238 4.306 6.467 

TABLE h A comparison of< ~, >for c uniformly distributed 
between 0 and ~.  

The  v a l i d i t y  of  the a b o v e  u n j u s t i f i e d  a s s u m p t i o n s  c a n  be  s e e n  in T a b l e  I 
in a n u m e r i c a l  c o m p a r i s o n  of < X> a s  g i v e n  by  (2 .7 )  to the e x a c t  v a l u e  
( c o m p u t e d  n u m e r i c a l l y  to f o u r  d i g i t s )  and  to the v a l u e  g i v e n  b y  a p e r t u r -  
b a t i o n  s e r i e s  a p p r o x i m a t i o n ,  an  " h o n e s t "  t e c h n i q u e .  F o r  th i s  c o m p a r i s o n  
e i s  a s s u m e d  to be  u n i f o r m l y  d i s t r i b u t e d  b e t w e e n  0 and  er. F o r  the d i s -  
c u s s i o n s  and  c o m p a r i s o n s  in th i s  p a p e r  on ly  the f i r s t  e i g e n v a l u e  and  e i g e n -  
f u n c t i o n s  wi l l  be  c o n s i d e r e d .  All r e s u l t s  and  t e c h n i q u e s  d i s c u s s e d  h e r e  
c a n  be  e x t e n d e d  to h i g h e r  e i g e n v a l u e s  and  e i g e n f u n c t i o n s .  A s i m i l a r  c o m -  
p a r i s o n  i s  m a d e  f o r < u >  (x) a s  g i v e n  b y  (2 .6 )  in T a b l e  II .  In th i s  c a s e  �9 
i s  a s s u m e d  u n i f o r m l y  d i s t r i b u t e d  b e t w e e n  0 and 1. 

The  n u m e r i c a l  r e s u l t s  g i v e n  in T a b l e s  I and  I I  show s e v e r a l  a d v a n t a g e s  
of  the h i e r a r c h y  t e c h n i q u e  o v e r  p e r t u r b a t i o n  t e c h n i q u e s .  A c l o s e  l o o k  a t  
bo th  t a b l e s  s h o w s  tha t  a one m e m b e r  h i e r a r c h y  g i v e s  a p p r o x i m a t i o n s  tha t  
a r e  b e t t e r  than  a two t e r m  p e r t u r b a t i o n  s e r i e s  a p p r o x i m a t i o n  f o r  a l l  v a l u e s  
of ~ g i v e n  and  b e t t e r  than  a t h r e e  t e r m  p e r t u r b a t i o n  s e r i e s  a p p r o x i m a t i o n  
f o r  a l l  er g r e a t e r  t han  two.  F u r t h e r ,  in g e n e r a l  a one m e m b e r  h i e r a r c h y  
i s  no m o r e  d i f f i c u l t  to use  than  p o s s i b l y  a two t e r m  p e r t u r b a t i o n  o r  c e r -  
t a i n l y  a t h r e e  t e r m  p e r t u r b a t i o n  s e r i e s .  T h u s ,  f o r  the s a m e  o r  l e s s  w o r k  
than  wi th  a p e r t u r b a t i o n  s e r i e s ,  b e t t e r  r e s u l t s  m a y  be  o b t a i n e d  by  u s i n g  
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X EXACT 

3 TERM 

HIERARCHY PERT. 

2 TERM 

PERT. 

.0  .0  

�9 1 . 0 9 9 4  

�9 2 .1956  

.3  .2852  

�9 4 .3653 

�9 5 .4332 

. 6  .4867 

�9 ~ .5241 

�9 8 .5440 

�9 9 .5459 

1 .0  .5296 

.0  

0994 

1955 
2 8 5 0  

3650 

4326 

4857 

5225 

541q 

5426 

5254 

.0  .0  

. 0994  .0992  

.1956 .1954  

2852 .2846 

3654 .3639 

4336 �9 

4874 .4821 

5252 �9 

5459 .5329 

5489 .5299 

5343 .5076 

TABLE II. A comparison of< u >(x) for r uni- 

formly distributed between 0 and I. 

h i e r a r c h y  t e c h n i q u e s .  
A s e c o n d ,  and p e r h a p s  m o r e  i m p o r t a n t ,  r e s u l t  i s  tha t  the a p p r o x i m a -  

t i o n s  as  g i v e n  in (2 .6 )  and (2 .7)  a r e  good f o r  a l l  <6>, w h e r e a s  the f in i t e  
p e r t u r b a t i o n  s e r i e s  a p p r o x i m a t i o n s  get  c o n t i n u o u s l y  w o r s e  f o r  l a r g e r  e p s i -  
lon,  no m a t t e r  how m a n y  t e r m s  a r e  k e p t .  T h i s  r e s u l t  i s  t y p i c a l  of so lu -  
t ions  a r i s i n g  f r o m  such  d i s h o n e s t  t e c h n i q u e s  as  t hose  used  h e r e  and c a n  
be p a r t l y  a c c o u n t e d  f o r  by  the f ac t  tha t  n o w h e r e  in the a b o v e  w o r k  did we 
a s s u m e  that  6 o r  < c >  had  to be  s m a l l .  

F u r t h e r  j u s t i f i c a t i o n  of the a s s u m p t i o n s  used  in (2 .5 )  a r e  o b t a in ed  when  
the s o l u t i o n s  as  g iven  by  (2 .6 )  and (2 .7 )  a r e  e x p a n d e d  in a p o w e r  s e r i e s  
in <e>, y i e l d i n g  r e s p e c t i v e l y  

< u >  (x) = Uo(X) + Ul(X) < 6 >  + u 2 ( x )  < 6 >  2 + , . .  ( 2 . 8 )  

and 

= + II 46> + ~t 2 <6> 2 + <k> ko " " " 

The  p e r t u r b a t i o n  s e r i e s  s o l u t i o n s  a r e  

<u> (x) : no(X) + u i (x) <6> + u 2 (x} <62> + ... 

and 

< k > :  ko + kl <E>+ k2 <e2> + . . . .  

(2.9) 

( 2 . 1 0 )  

(2.11) 

which ,  of  c o u r s e ,  a r e  c o r r e c t  t h r o u g h  the h i g h e s t  o r d e r  t e r m s  kep t .  Thus ,  
we s e e  tha t  (2 .6 )  and (2 .7 )  can  be  j u s t i f i e d  t h r o u g h  o r d e r < r  t e r m s ,  a s  
the two s e t s  of  c o e f f i c i e n t s  ui(x ) and k i a p p e a r i n g  in (2 .10)  and (2 .11)  a r e  
the s a m e  a s  those  a p p e a r i n g  in (2 .8 )  and (2 .9 ) .  Th i s  a l so  e x p l a i n s ,  in 
p a r t ,  why  the r e s u l t s  as  g iven  in T a b l e s  I and II a r e  b e t t e r  than  a two 
t e r m  p e r t u r b a t i o n  s e r i e s .  

3. The Second and Higher Members of the Hierarchy 

The  nex t  s t ep  in the m e t h o d  of h i e r a r c h y  e q u a t i o n s  i s  to c o n s i d e r  c l o -  
s ing  the in f in i t e  se t  of e q u a t i o n s  at  the s e c o n d  m e m b e r  of the h i e r a r c h y .  
The  s e c o n d  m e m b e r  f o r  the e i g e n v a l u e  p r o b l e m  u n d e r  c o n s i d e r a t i o n  c o n -  
s i s t s  of  the two s e t s  of e q u a t i o n s  (2 .3 )  and (2.4}.  T h e s e  two s e t s  of e q u a -  
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tions contain the three third order moments <r <k2u>, and <keu>, 
which must be expressed in terms of the three lower order moments <u>, 
<ku>, <eu>. When this is done, the resulting equations along with (2.2) 
result in a consistent system for the estimates of<u> (x), <:r (x), and 
<Xu> (x). The situation occurring here is much more complicated than for 
a stochastic initial value, problem [5], which has only one third order 
moment in the second member. 

To determine what assumptions, if any, will give improved results, we 
must analyse more carefully the assumptions made in the last section 
when solving the first member. At that time we made the assumptions 

<Xu> = <;~><u > (3.1) 

and 

<r = <r <u>. (3 .2)  

If  we use p e r t u r b a t i o n  s e r i e s  f o r  k and u(X) and c a l c u l a t e  the above  p r o -  
duc t s ,  we find that  bo th  (3 .1 )  and (3 .2 )  a r e  c o r r e c t  t o < c >  t e r m s .  Th i s  
not on ly  t e l l s  us why < k >  and < u >  (x) a s  g i v e n  in the l a s t  s e c t i o n  w e r e  
c o r r e c t  t o < e : >  t e r m s ,  but  a l s o  t e l l s  us that  in o r d e r  to g u a r a n t e e  an  i m -  
p r o v e m e n t  in the m e a n s  of u(x) and X we m u s t  m a k e  a s s u m p t i o n s  on the 
t h i rd  o r d e r  m o m e n t s  that  a r e  c o r r e c t  to t e r m s  i nvo lv ing  < r  

By l o o k i n g  at the a p p r o p r i a t e  p e r t u r b a t i o n  s e r i e s ,  it i s  p o s s i b l e  to show 
that  the f o l l o w i n g  e q u a l i t i e s  f o r  the t h i rd  o r d e r  m o m e n t s  a r e  va l id  t h r o u g h  
<r ~ t e r m s ,  

< r u> = <c2> < u >  .; (3 .3)  

<X2u> = <k2><u>+ 2<'X> <Xu>- 2<k%2<u>, (3,4) 

and 

< k e u >  = < k r  < u >  + < k > <  r  < e >  < X u >  (3.5) 

U s i n g  (3 .3 )  to (3 .5 )  in (2 .2 )  to (2 .4) ,  we ob ta in  a s y s t e m  of t h r e e  c o u p l e d  
b o u n d a r y  v a l u e  p r o b l e m s .  If we let  m(x)  = < u >  (x), n(x) = < e u >  (x) and 
p(x) = < X u >  (x), then we c a n  w r i t e  t h e m  as  

m " ( x )  = -p (x)  
re(O) = 0 

m ' ( 1 )  = -n (1)  
(3, 6) 

n"(x)  + <X> n(x) = < r  p(x) - <Xr  m(x)  
n(0) = 0 

n ' (1 )  = - < c 2 > m ( 1 )  
(3.7) 

and 

p"(x)  + 2<k> p(x) = (2<X> 2 - <k2>)  m(x)  
p ( 0 )  = 0 

p' (1) - < e >  p(1) = -<X~ n(1) - <~tr m(1) .  
(3.8) 

T h e  so lu t ion ,  if it e x i s t s ,  to the above  se t  of  e q u a t i o n s  wil l  y i e l d  aP2- 
p r o x i m a t i o n s  f o r  re(x), n(x), and p(x) which  a r e  c o r r e c t  t h r o u g h  <e  > 
t e r m s .  H o w e v e r ,  t h e r e  a r e  c o m p l i c a t i o n s  in the s o l u t i o n  of the above  
s y s t e m  as  t h e r e  a r e  t h r e e  unknown p a r a m e t e r s  <k2>,  <r and <k>  ap-  
p e a r i n g  in the e q u a t i o n s .  The t h r e e  d i f f e r e n t i a l  e q u a t i o n s  can  be s o l v e d  
and the t h r e e  b o u n d a r y  c o n d i t i o n s  at x = 0 used  to e l i m i n a t e  t h r e e  of the 
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s i x  u n k n o w n  c o n s t a n t s .  T h e  t h r e e  b o u n d a r y  c o n d i t i o n s  a t  x = 1 t h e n  y i e l d  
o n l y  o n e  " e i g e n v a l u e "  e q u a t i o n  w h i c h  i s  a f u t l ~ t / o n  o f  t he  t h r e e  u n k n o w n  
p a r a m e t e r s .  T h u s ,  w e  a r e  n o t  a b l e  to  o b t a i n  a s o l u t i o n  u n l e s s  w e  c a n  o b t a i n  
a p p r o x i m a t i o n s  f o r  t w o  of  the  u n k n o w n  p a r a m e t e r s  f r o m  a n o t h e r  s o u r c e .  
W h a t e v e r  " a p p r o x i m a t i o n s  t h a t  a r e  u s e d  m u s t  b e  v a l i d  t h r o u g h  < e 2 >  t e r m s  
to  e n s u r e  t h a t < u >  (x) w i l l  b e  v a l i d  t h r o u g h  < c 2 >  t e r m s .  

O n e  s u c h  a p p r o x i m a t i o n  t h a t  c a n  b e  u s e d  i s  to  a s s u m e  

< X 2 >  = <X>2 + X1 2 a 2 ( 3 . 9 )  

a n d  

< e k >  = < e > < X > +  k I ~ 2 ,  ( 3 . 1 0 )  

d k  
w h e r e  k I = ~ (0) a n d  crff i s  the  v a r i a n c e  o f  e .  B o t h  ( 3 . 9 )  a n d  ( 3 . 1 0 )  a r e  

c o r r e c t  up  to  t e r m s  o f  o r d e r  < e 2 >  a n d  c a n  b e  d e r i v e d  u s i n g  a p e r t u r b a t i o n  
s e r i e s ,  T h e s e  a s s u m p t i o n s  w e r e  u s e d  in  t h e  s y s t e m s  ( 3 . 6 )  to  ( 3 . 8 ) t o  
y i e l d  a v e r y  c o m p l i c a t e d  e i g e n v a l u e  e q u a t i o n  f o r  < k>.  T h i s  l a t t e r  e q u a t i o n  
w a s  s o l v e d  n u m e r i c a l l y ,  y i e l d i n g  the  e s t i m a t e s  o f < k >  a s  s h o w n  i n  T a b l e  I I I .  
T h e  e s t i m a t e s  f o r < k >  f r o m  the  s e c o n d  h i e r a r c h y  c a n  n o w  b e  u s e d  i n  ( 3 . 9 )  
to  y i e l d  e s t i m a t e s  f o r  t he  s e c o n d  m o m e n t  o f  k. T h e s e  a r e  s h o w n  in  T a b l e  IV.  
In  b o t h  T a b l e s  w e  a g a i n  a s s u m e  e u n i f o r m l y  d i s t r i b u t e d  b e t w e e n  0 a n d  a .  

cx EXACT 2nd HIERARCHY lsz HIERARCHY E 1 

.5 2.9354 2.9350 2.943 .05 
1 3.3460 3. 3431 3. 373 .11 
2 4. 0289 4.0091 4. 116 .23 
4 5.0118 4.8903 5.239 .53 

TABLE IIh A comparison of(;t  >for ~ uniformly dis- 
tribued between 0 and a. 

I el of 
i - / i  
cond hierarchy to the error" for the first 
hierarchy. 

3 TERM 4 TERM 
EXACT 2nd HIERARCHY PERT. PERT, 

.5 8.6848 8.6981 8.7220 8.6803 
1 11.4212 11.5096 11.6893 11.2459 
2 16.8639 1%4062 18.6238 15.9571 
4 26.4~6 29.2483 36.4928 15.1595 

TABLE IV: A comparison of the second moment of 
X for c uniformly distributed between 
0 and a. 

W e  s e e  i n  T a b l e  I I I  t h a t  t he  s e c o n d  h i e r a r c h y  d o e s  i n d e e d  y i e l d  i m p r o v e d  
e s t i m a t e s  f o r  zxX>, i n  f a c t ,  f o r  s m a l l  a t h e  i m p r o v e m e n t  i s  c o n s i d e r a b l e .  
U n f o r t u n a t e l y ,  t he  a b o v e  m e t h o d  s u f f e r s  f r o m  the  f a c t  t h a t  t he  a p p r o x i -  
m a t i o n s  ( 3 . 9 )  a n d  ( 3 . 1 0 )  a r e  b a s e d  o n  a p e r t u r b a t i o n  s e r i e s  a n a l y s i s  a n d  
h e n c e  w i l l  no t  g i v e  g o o d  r e s u l t s  f o r  ~ l a r g e .  T h i s  Ks no t  a t y p i c a l  r e s u l t  
f o r  h i e r a r c h y  t e c h n i q u e s ,  s i n c e  in  g e n e r a l  p e r t u r b a t i o n  s e r i e s  a p p r o x i m a -  
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tions are not used in conjunction with hierarchy equations. The results in 
Table IV are as we might have predicted, as the second hierarchy yields 
estimates for < k 2> which are better than a three term perturbation series 
for all a shown. A four term perturbation series gives better estimates 
only for smaller a. 

Before discussing an alternate method of arriving at closure assumptions 
for the second member of the hierarchy, it should be pointed out that the 
main purpose of this section was to obtain improved estimates of <u>(x). 
As with all eigenvalue problems, one must first find the eigenvalues, as 
we have done, and then use these to determine the eigenfunctions. Thus 
far we have obtained improved estimates for <k>, and hence we can use 
these in (3.6) through (3.10) to obtain numerical estimates for the "im- 
proved" mean value of u(x). However, due to the relatively crude nature 
of the assumptions (3.9) and (3.10), we do not see an improvement over 
the first hierarchy estimates for even small values of �9 

The assumptions (3.3) and (3.5) are not the only assumptions that can 
be made in order to close the infinite hierarchy at the second member. 
There is a second method for arriving at approximations similar to (3.3) 
to (3, 5) known as the cumulant discard method [5]. Richardson uses this 
method to  obtain improved results for initial value problems. However, 
with slight modifications, we  are able apply the method to stochastic ei- 
genvalue problems also.  Specifically, the cumulant discard method for the 
n th hierarchy neglects the quantity 

0 n+l n 
,~- in < exp i S ~. B. + i.n (3.1i) 

j=l J ] 

w h e r e  t he  s u p e r  z e r o  m e a n s  t h a t  t he  e x p r e s s i o n  i s  e v a l u a t e d  a t  ~i = 0, 
i = 1 . . . .  n, a n d  /a = 0, a n d  A u  = u(x)  - < u > ( x ) .  T h e  e x p r e s s i o n  in  ( 3 . 1 1 )  
i s  t he  ( n + l )  st o r d e r  c u m u l a n t  c o r r e s p o n d i n g  to  t h e  n + 1 r a n d o m  v a r i a b l e s  
fil . . . .  /~n, a n d  An .  T h e  C u m u l a n t  d i s c a r d  m e t h o d  i n v o l v e s  the  e v a l u a t i o n  
o f  ( 3 . 1 1 )  a n d  t h e n  s e t t i n g  i t  e q u a l  to  z e r o  to  o b t a i n  a n  e x p r e s s i o n  f o r  
< / 3 i ~  2 . . .  ~nU> a s  a l i n e a r  c o m b i n a t i o n  o f  the  l o w e r  o r d e r  m o m e n t s  <u>, 
< ~ i  u>, </~2 u> . . . . . .  < :~ i  " . "  /~n-i u>, w i t h  c o e f f i c i e n t s  b e i n g  v a r i o u s  m o -  
m e n t s  o f  t he  f l i"  T h e  m o d i f i c a t i o n  w e  n e e d  to  u s e  h e r e  i s  t h a t  t he  f i r s t  
k (0<_k.~.n) o f  the  fl i  a r e  now s e t  e q u a l  to  k a n d  the  o t h e r  n - k  of  t h e  fli a r e  
s e t  e q u a l  to  r t h u s  g i v i n g  us  a n  a p p r o x i m a t i o n  f o r  < h , k � 9  n-k u >  i n  t e r m s  o f  
a p p r o p r i a t e  l o w e r  o r d e r  m o m e n t s .  

A s  t w o  s p e c i f i c  e x a m p l e s  w e  w i l l  l o o k  a t  t h e  c a s e s  f o r  n = 1 a n d  n = 2.  
F o r  n = 1 ( 3 . 1 1 )  b e c o m e s  

i8;~ InEexp [i~ifi i + i.Au] :<fliAu>. (3.12) 

Setting (3.12) equal to zero and recalling that Au = u-<u> we obtain 

</3 i u> = <fll><U>. (3.13) 

From (3.13) we can obtain both the expressions < lu> = <X><u> and < �9 u> = 
<�9 by settingfl i = k and /~I = �9 respectively. Thus the cumulant dis- 
card method yields the same results as we obtai~I in section 2 for the 
f i r s t  h i e r a r c h y .  

U s i n g  the  s a m e  p r o c e d u r e  f o r  t he  c a s e  n = 2 w e  o b t a i n  f r o m  ( 3 . 1 1 )  

< �9 = < �9 2><u> + 2<e> < �9 -2W-e>2<u~> (3.14) 

when ~3 i = /~2 = �9 and 

<keu>= <X><eu> + <Xe><u> + <�9149 (3.1 5) 
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when/~1 = k and ~2 = e. When ~i = ~2 = X, the cumulan t  d i s c a r d  me thod  
y ie lds  the same  equa t ion  as  that given in (3.4) .  The ques t ion  that should 
be r a i s e d  now is whe the r  the e x p r e s s i o n s  (3.14)  and (3.15),  when used in 
the second m e m b e r  of the h i e r a r c h y ,  will  y i e ld  b e t t e r  or  worse  r e s u l t s  
than when the s i m p l e r  e x p r e s s i o n s  (3.3) and (3.5) were  used.  This  ques t ion  
can in pa r t  be a n s w e r e d  by the fac t  that both (3.14)  and (3.15) can be 
shown to be c o r r e c t  th rough <e~> t e r m s ,  again using p e r t u r b a t i o n  s e r i e s .  
In fac t  (3 .14)  is  c o r r e c t  th rough <c3> t e r m s  fo r  the spec ia l  case  when E 
is un i fo rmly  d i s t r i bu ted .  Thus we would again expec t  to obtain e s t i m a t e s  
o f < k > ( a n d  hence  of<u>)  which a re  c o r r e c t  through <c2>  t e r m  s when (3.14) 
and (3.15) a r e  used.  In addition, when e has  a d i s t r i bu t ion  with a f i r s t  
and second m o m e n t  c lo se  to the f i r s t  and second m o m e n t  f o r  the un i fo rm 
d i s t r i bu t i on  we would expec t  b e t t e r  r e s u l t s  than those  obtained p r e v i o u s l y .  
Unfor tuna te ly  the use  of (3.14)  and (3.15) in the h i e r a r c h y  does  not a l l ev ia te  
the fac t  that the r e s u l t i n g  e igenva lue  equat ion  conta ins  th ree  p a r a m e t e r s ,  
and hence  f u r t h e r  ca l cu la t ions  w e r e  not c a r r i e d  out. 

To conclude this  sec t ion  s o m e t h i n g  needs  to be said conce rn ing  the c lo-  
su r e  a s s u m p t i o n s  n e c e s s a r y  to  c lose  the h i e r a r c h y  at  h ighe r  m e m b e r s ,  
T h e o r e t i c a l l y  the ground work  is  all  se t  fo r  using e i t h e r  of the m e t h o d s  
d i s c u s s e d  in this  sec t ion .  F r o m  a p r a c t i c a l  point of v iew,  though, the com-  
puta t ions  will  b e c o m e  so c o m p l i c a t e d  that it p robab ly  would not be wor th -  
while to c o n s i d e r  m o r e  m e m b e r s  of the h i e r a r c h y ,  e s p e c i a l l y  in view of 
the s u r p r i s i n g l y  good a p p r o x i m a t i o n s  obta ined with jus t  one m e m b e r  of the 
h i e r a r c h y .  

4. Higher Moments of the Eigenfunctions 

Thus f a r  we have only a t t empted  to  find and i m p r o v e  e s t i m a t e s  fo r  the 
m e a n  value  of  u(x). If we want to d e t e r m i n e  d i r e c t l y  the second and h ighe r  
m o m e n t s  fo r  u(x), we mus t  go back  to the o r ig ina l  equa t ions :  

u"(x) + ~.u(x) = o 
uiO) = o ( 4 . 1 )  

u' ( I ) +  cu(1) : o, 

and d e r i v e  a h i e r a r c h y  f o r  the a p p r o p r i a t e  h igher  m o m e n t s .  In p a r t i c u l a r ,  
fo r  the second m o m e n t ,  mu l t ip ly  each  equa t ion  of (4 .1)  by u ix l )  and then 
find the m e a n  value  of each  equat ion .  This  g ives  the set  of equa t ions  

< u ( x  1 ) u ( x ) ~ '  + <Xu(x)u (x  1 ) > = o 
< u ( x l ) u ( O ) >  = o (4.  a) 

+ o, 

w h e r e  the p r i m e  d i f f e r en t i a t i on  is  d i f f e r en t i a t i on  with r e s p e c t  to x. The 
so lu t ion  to (4.2) is found and then x 1 is set  equal  to x to obtain e s t i m a t e s  
f o r  < u 2 >  ix). I m p r o v e m e n t s  to the e s t i m a t e s  given by (4.2)  a r e  found by 
wr i t ing  p r o b l e m s  for  the two th i rd  o r d e r  m o m e n t s  conta ined in (4.2).  It 
a p p e a r s  that [he s a m e  p r o b l e m s  a r i s e  in the second m e m b e r  of the h ie-  
r a r c h y  fo r  <u2> (x) as a r o s e  in the second m e m b e r  of the h i e r a r c h y  for  
<u>ix) ,  s ince  the only d i f f e r e n c e  will  be that u,(x) is r e p l a c e d  by uix)uix 1). 

F o r  the th i rd  and h i ghe r  o r d e r  m o m e n t s  of u(x) we mul t ip ly  equa t ions  
(4.1)  by uix~)u(x2), u(xl )u(x2)uixs ) e t c . ,  to obta in  the app rop r i a t e  h i e r a r -  
ch ies .  R a the r  than de r iv ing  these  h ighe r  o r d e r  h i e r a r c h i e s  in detai l ,  we 
will  solve  (4.2) and show that the e s t i m a t e  fo r  the second m o m e n t  of u(x) 
will .be 

<:H2>(X) = <X~> -I s in2<k> I12 (4.3) 
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when  the a p p r o p r i a t e  n o r m  i s  u sed .  The  e x a c t  s e c o n d  m o m e n t  is  

<u2>(x) =<X ~I sin 2 k 1/2 x>. (4, 4) 

No numerical comparisons were made of (4.3)and (4.4), but two things 
can be noted about (4.3). The estimate as given in (4.3) agrees with that 
of (4.4) up to order <e> terms, as predicted. Secondly, if (4.3) is used to 
obtain estimates of the variance of u(x), it is found that the estimates will 
be zero for all choices of <e>, which agrees with a two term perturbation 
series estimate, assuming only linear terms in <e> are kept. 

To solve (4.2) we assume that 

<Xu(x)ulx  1 )>  -- <X><u(x)u(x 1 )> 
and  (4 .5 )  

<eu (x  1 )u(1 ) >  = <e><u(x  1 )u(1 ) > ,  

w h i c h  a r e  a s s u m p t i o n s  s i m i l a r  t o  the o n e s  m a d e  in the f i r s t  h i e r a r c h y  
f o r  < u >  (x). E q u a t i o n s  (4 .5 )  a r e  a l s o  c o r r e c t  to t e r m s  i n v o l v i n g  < O .  U s i n g  
(4 .5 )  in (4 .2 )  we o b t a i n  

< u ( x )  u ( x l ) >  = A ( x l )  s i n  <)t> 1/2 x, (4 .6 )  

w h e r e  < ) t>  i s  g i v e n  b y  (2 .7 ) .  To  d e t e r m i n e  A(x l ) ,  we c a n  use  the s y m -  
m e t r y  of  x and  x l  in (4 .2 )  to o b t a i n  

A(Xl)  = B s in  <X> 1/2 Xl,  (4 .7 )  

so tha t  

< u 2 ( x ) >  = B s in  e < X ~ / 2  x.  (4 .8 )  

To obtain the appropriate normalization condition we begin with 

u'  (0) = 1, (4 .9 )  

which is the normalization condition used for the exact solution. Equations 
(4.9) implies that 

<(u, )2>  (0) -- 1, ( 4 . 1 0 )  

which  i s  u s e d  to show tha t  

<u2>"(o)-- 2, (4.11) 

the required normalization condition arising from (4.9). The above method 
can be generalized to show that 

dn = n '  (4 .12 )  dx-n < u n >  (x) x:0 

is the required normalization condition for the n m moment of u(x). Using 
(4.11) in (4.8) we obtain the desired results (4.3). By using (4.12) in the 
appropriate hierarchies, it can be shown that 

<un>(x)  = <k> "n/2 s in  n <)t> 1/2 x, (4 .13)  

wh ich  g i v e s  e s t i m a t e s  of  the n th m o m e n t s  up to o r d e r  < r  
T h e r e  a r e  two a l t e r n a t e  w a y s  to d e r i v e  e s t i m a t e s  f o r  the s e c o n d  m o -  

m e n t  of  u(x).  The  f i r s t  m e r e l y  s o l v e s  e q u a t i o n s  (4 .2 )  u s i n g  a s s u m p t i o n s  
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o the r  than ( 4 . 5 ) w h i l e  the second  d e r i v e s  d i r e c t l y  f r o m  (4.1)  a d i f f e r en t i a l  
equat ion  fo r  u2(x). We will  look at these  me thods  only b r i e f l y ,  as they 
both y ie ld  the s ame  e s t i m a t e  as p r e v i o u s l y  found. 

If the a s s u m p t i o n s  

<~u(x)u(x 1) > = < X><u(x)><u(xz ) > 
and (4.14)  

<eu(x 1)u(1)> = < O < u ( x  1)u(1)> , 

which a re  c o r r e c t  to o r d e r  <c>  t e r m s ,  a re  made  in equa t ions  (4.2),  we 
obtain the se t  of equa t ions  

<u(xl)u(O)> = 0 

<u(xl)u(x)> " : -</><u(x)> <u(x 1 )> (4.15)  

[<u(xl)u(x)> ']~=i + <~><u(xl)u(t)> : o, 
In section 2 we found the estimate <u(x)> = <~.>-I/2 sin <~k> I/2 x, when 

</>i/2 = -~c> tan<k> I/2 . Using these in (4.15), with two integrations 
yields the estimate (4.3) for <u2> (x). 

To obtain a problem for u2(x), we multiply equations (4.1) by u(x) to 
obtain  

u(x) u " ( x ) +  Xu2(x) = 0 
u2(0) 0 

u(1) u' (1) + eu2(1) 0. 
(4.16) 

At this  point we r e c a l l  that 

(u 2)' (x) = 2u(x)u' (x) 
and (4.17) 

(u2)"(x) = 2(u')2(x) + 2u(x) u"(x).  

Hence ,  eva lua t ion  of the f i r s t  equa t ion  at x = 1 and the so lu t ion  of the 
second for  u(x) u"(x) r e d u c e s  (4.16)  to 

<u2>"(x) + 2<l><u2>(x) : 2<u'>2(x) 
<u2>(0) 0 

<u2> ' (1) + 2<e><u2>(1) 0, 
(4.18) 

a f t e r  a p p r o p r i a t e  f i r s t  o r d e r  a s s u m p t i o n s  a re  made .  If e s t i m a t e s  of < u >  (x) 
and <k> a re  used f r o m  p r e v i o u s  wor k  then (4.18) may  be solved to y ie ld  
e s t i m a t e s  fo r  <u2> (x), which for  this  example  a r e  the same  as  (4.3),  
those p r e v i o u s l y  obtained.  

5. A Brief Consideration of Other Eigenvalue Problems 

Now that we have applied h i e r a r c h y  equat ion  techn iques  to one p a r t i c u l a r  
p r o b l e m  we would l ike to inves t iga te  whe the r  s i m i l a r  r e s u l t s  will  be 
found fo r  o the r  typica l  e igenva lue  p r o b l e m s .  To do this we will  look b r i e f l y  
at an e igenva lue  p r o b l e m  which has  i ts  r a n d o m  p a r a m e t e r  appea r ing  in 
the d i f f e r e n t i a l  equat ion.  If we c o n s i d e r  the v i b r a t i o n  of a s t r i ng  with a 
r a n d o m  dens i ty  pe r  unit length,  then we have the n o r m a l  modes  given by 
the equa t ions  

u"<x) + Zr(x)u(x) = o 
u(O) = u(1)= O, 

(5.1) 

where r(x) is the random density per unit length. This is a more corn- 
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plicated problem than that previously considered since the random variable 
is a function of x. For this reason we will mostly discuss the derivation 
of the hierarchy and various closure assumptions and not carry out a de- 
tailed comparison of the results. In general, after closure assumptions 
are made it is necessary to make certain assumptions about <r(x)>, 
< r ( x ) r ( x l ) >  , etc .  i n  order to solve the resulting equations. We will not 
get into a detailed discussion of these, but where necessary will make use 
of some reasonable assumptions. 

The first member for the hierarchy for the mean value of u(x) comes 
from (5.1) by taking the mean of each equation 

< u ( x ) > "  + < / r ( x ) u ( x ) >  = 0 
< u ( 0 ) >  = < u ( 1 ) >  = 0.  (5.2) 

If we m u l t i p l y  (5 .1 )  b y  Xr (x l )  and t h e n  a v e r a g e ,  we ob ta in  the s e c o n d  
m e m b e r  of the h i e r a r c h y  

<) t r (x  1)u(x)>' '  + <)t  2 r ( x  1 ) r (x )u (x )>  = 0 
<)tr(xl)u(0)> = <)tr(xl)u(1)> = 0. (5.3) 

The higher members are derived in a similar fashion. To close the hie- 
rarchy at the first member the simplest assumption to make concerning 
the third order moment <)tr(x)u(x)> is 

< X r ( x ) u ( x ) >  = < X > < r ( x ) > < u ( x ) > ,  ( 5 . 4 )  

which ,  whe n  u sed  in (5 .2 ) ,  g ive s  

<u>" + <~O<r(x)><u> = 0 
<u> (0)= <u> (I)= 0. (5.5) 

Using the appropriate perturbation series it is possible to show that (5.4) 
i~ correct through linear terms in r(x). However, we do not make any 
assumptions about the smallness of r(x) in using (5.4). Equations (5.5) 
can be solved once appropriate assumptions are made concerning <r(x)>. 
If r(x) is assumed to be constant, then the solution to (5.5) is 

<u(x)> = B sin ~x 

2 
<X> = 

< r ( x ) >  " 

(5 .6 )  

which  i s  i d e n t i c a l  wi th  a one t e r m  p e r t u r b a t i o n  s e r i e s  s o l u t i o n  u n d e r  the 
s a m e  a s s u m p t i o n s  on < r ( x ) >  [1 ] .  

B e f o r e  go ing  on to d i s c u s s  the s e c o n d  m e m b e r  of the h i e r a r c h y ,  it shou ld  
be  po in t e d  out  tha t  o t h e r  a s s u m p t i o n s  c o n c e r n i n g  the t h i r d  o r d e r  m o m e n t  
in (5 .2 )  c a n  be m a d e .  T h e y  a r e  

< ; t r ( x ) u ( x ) >  = < ~ ( x ) > < u ( x ) >  + <X>er(x)u(x)>  + <r(x)>ZXu(x)> - 

2<r  (x)> < X> <u(x)> 

and (5 7) 

< X r ( x ) u ( x ) >  = < k r  (x )> ~u (x )> + < ) t><r (x )u (x )>  - <r (x)>~) tu(x)N 

which  a r e  e x a c t l y  the s a m e  a s s u m p t i o n s  as  m a d e  in the s e c o n d  h i e r a r c h y  
of the p r e v i o u s  e x a m p l e .  F r o m  b e f o r e  we know that  bo th  of  (5 .7 )  a r e  c o r -  
r e c t  t h r o u g h  s e c o n d  o r d e r  t e r m s  i n v o l v i n g  r (x) ,  and h e n c e  w h en  used  in  
(5 .2 )  shou ld  g ive  a b e t t e r  a p p r o x i m a t i o n  than  (5 .6 ) .  U n f o r t u n a t e l y ,  both  the 
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a s s u m p t i o n s  in (5 .7 )  invo lve  the m o m e n t s  <ku(x)> and <r (x)u(x)} ,  and h e n c e  
w h e n  t he y  a r e  used  in (5 .2 )  we do not  ob t a in  a c l o s e d  s y s t e m .  It is  p o s -  
s ib l e  to w r i t e  p r o b l e m s  f o r  <Xu(x)> and <r (x )u(x)>  which  would then  give  
a c o n s i s t e n t  s y s t e m ,  but  the r e s u l t i n g  s y s t e m  is  e v e n  m o r e  c o m p l i c a t e d  
than  a s t r a i g h t - f o r w a r d  a n a l y s i s  of the s e c o n d  h i e r a r c h y ,  which  wi l l  a l s o  
g ive  e s t i m a t e s  va l i d  t h r o u g h  s e c o n d  o r d e r  t e r m s  i n v o lv in g  r (x ) .  

The  s e c o n d  m e m b e r  of the h i e r a r c h y  i n v o l v e s  the f i f th  o r d e r  m o m e n t  
< k ~ r ( x ) r ( x i ) u ( x ) > .  If we a s s u m e  tha t  

<XZr(x)r(xl )u(x)> = <k2> <r(x)r(x I )> <u(x)> (5.8) 

in (5, 3), we ob ta in  the e q u a t i o n s  

<kr(x I )u(x)>" = -<k2><r(x)r(xl )><u(x);, 

< t r ( x i ) u ( O ) >  = < X r ( x l ) u ( 1 ) >  = O, ( 5 . 9 )  

wh ich  a long  with (5 .2 )  c o n s t i t u t e  a c o n s i s t e n t  s y s t e m  f o r  <u(x)>,  c o r r e c t  
to s e c o n d  o r d e r  t e r m s  in r ( x ) .  E q u a t i o n s  (5 .9 )  c a n  be  s o l v e d  f o r . < k r ( x  i ) u (x )>  
in t e r m s  of <u(x)>,  g iv ing  

1 
< k r ( x  i )u(x)> = < k 2> ~ G(x ,* l )<r (n ) r (x  i )><u(n)>d~, (5 .10)  

O 

w h e r e  G ( x , n )  s a t i s f i e s  

y "  -- - 6 (x -H)  ( 5 . i i )  

y ( 0 )  = y ( i )  = 0 .  

Using (5,10) in (5.2) we obtain 

1 1 
<u(x)> = <k2> ~ So G(x, ~ )G(~, ~)<r(n)r(~ )><u(~)>dnd~ (5.12) 

as the integral equation satisfied by <u(x)>. Notice that its Solution will 
give estimates not only of <u(x)>, but also of <k2>. 

To obtain any more information concerning <u(x)>appropriate assump- 
tions concerning <r(x)r(x i)>must be made. For instance, if <r(x)r(xl)> is 
assumed constant, then the estimes given by (5.12) reduce to those of the 
first hierarchy, and to the two term perturbation series solution. For more 
interesting assumptions about<r(x)r(xl)>, the estimates given by (5.12) will 
be better than a two term perturbation series estimate, as the assumption 
(5.8) is correct to second order terms in r(x). Again it should be menti- 
oned that nowhere in the above work have we assumed anything about the 
smallness of r(x), hence the above estimates may be expected to yield 
results for a wide range of values of r(x). This again is a typical result 
for hierarchy techniques. 

Other assumptions than (5.8) can be made for the fifth order moment 
involved in the second member of the hierarchy by using the techniques 
of the previous example. However, these will involve other lower order 
moments for which addit'ional equations must be derived, and hence this 
will not be a practical method for improvements for this type of problem. 
S i m i l a r  r e s u l t s  ho ld  f o r  the h i g h e r  m e m b e r s  of the h i e r a r c h y  and h e n c e  
we wi l l  not  go into t h e m  h e r e .  

T h u s  f a r  we h a v e  l ooked  at two d i s t i n c t  t y p e s  of s t o c h a s t i c  e i g e n v a l u e  
p r o b l e m s .  Whi le  by  n o  m e a n s  a r e  a l l  s t o c h a s t i c  e i g e n v a l u e  p r o b l e m s  of  
one of t he se  t ypes ,  t he se  a r e  m a n y  that  a r e  e i t h e r  of  t h e s e  t y p es  o r  e l s e  
c a n  be  t r a n s f o r m e d  into one of t he se  t y p e s .  H e n c e  in c o n c l u s i o n  we m a y  
s a y  tha t  h i e r a r c h y  e q u a t i o n s  c a n  be  s u c c e s s f u l l y  a p p l i e d  to l i n e a r  s to -  
c h a s t i c  e i g e n v a l u e  p r o b l e m s .  In g e n e r a l  v e r y  good e s t i m a t e s  of  the t o o -  
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m e n t s  o f  the  e i g e n f u n c t i o n  and the  m e a n  of  the  e i g e n v a l u e  a r e  o b t a i n e d  
f r o m  the  f i r s t  m e m b e r  o f  the  a p p r o p r i a t e  h i e r a r c h y .  In  t h e o r y  i m p r o v e -  
m e n t s  to t h e s e  e s t i m a t e s  a r e  a l w a y s  p o s s i b l e ,  w h i l e  in  p r a c t i c e  the  c a l -  
c u l a t i o n s  m a y  b e c o m e  v e r y  c o m p l i c a t e d  f o r  s o m e  p r o b l e m s .  

i. W.E. Boyce, 

2. W.E. Boyce and 
B. E. Goodwin, 

3. A B. Keller, 

4. R.C. Bourret, 

5. AM.Richardson, 

REFHRENCES 

"Random Vibration of Elastic Strings and Bars" Proceedings of the Fourth 
U.S. National Congress of Applied Mechanics, New York. A.S.M.E. pp. 
77-85, 1962. 

"Random Transverse Vibrations of Elastic Beams", S.I.A.M. Journal, 12 
1964, 613~629. 

"Stochastic Equations and Wave Propagation in Random Media". PrOceedings 
of Symposia in Applied Mathematics XVI. Rhode Island: American Mathe- 
matical Society, p. 145-170, 1964. 

"Stochastically Perturbed Fields, With Applications to Wave Propagation in 
Random Media". I1 Nuovo Cimento. Series X, 26, p. 1-~31, 1962. 

"The Application of Truncated Hierarchy Techniques in the Solution of a 
Stochastic Linear Differential Equation". Proceedings of Symposia in Ap- 
plied Mathematics. XVI. Rhode Island: American Mathematical Society, 
p. 290-302, 1964. 

R e c e i v e d  J u n e  2, 1967  I 


